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De!nition of W

• Relative number of ways to see W, given N and p?
• Goal: Mathematical function to answer this 

question.
• !e answer is a probability distribution.



De!nition of W

• Relative number of ways to see W, given N and p?

p × (1–p) × p = p2(1–p)1



De!nition of W

• Relative number of ways to see W, given N and p?

p × (1–p) × p = p2(1–p)1



De!nition of W

• Relative number of ways to see W, given N and p?

Pr(2|3,p) = 3p2(1–p)1



W distribution (Likelihood)

count W

number tosses

probability W

!e count of W’s is distributed binomially, with 
probability p of a W on each toss and N tosses total.

Pr(W |N, p) =
N !

W !(N �W )!
pW (1� p)N�W
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������ -JLFMJIPPE� ćF ĕSTU BOE NPTU JOĘVFOUJBM DPNQPOFOU PG B #BZFTJBO NPEFM JT UIF
ĹĶĸĲĹĶĵļļı� ćF MJLFMJIPPE JT B NBUIFNBUJDBM GPSNVMB UIBU TQFDJĕFT UIF QMBVTJCJMJUZ PG UIF
EBUB� 8IBU UIJT NFBOT JT UIBU UIF MJLFMJIPPE NBQT FBDI DPOKFDUVSF�TVDI BT B QSPQPSUJPO
PG XBUFS PO UIF HMPCF�POUP UIF SFMBUJWF OVNCFS PG XBZT UIF EBUB DPVME PDDVS HJWFO UIBU
QPTTJCJMJUZ�

:PV DBO CVJME ZPVS PXO MJLFMJIPPE GPSNVMB GSPN CBTJD BTTVNQUJPOT PG ZPVS TUPSZ GPS
IPX UIF EBUB BSJTF� ćBU�T XIBU XF EJE JO UIF HMPCF UPTTJOH FYBNQMF FBSMJFS� 0S ZPV DBO VTF
POF PG TFWFSBM PČ�UIF�TIFMG MJLFMJIPPET UIBU BSF DPNNPO JO UIF TDJFODFT� -BUFS JO UIF CPPL
ZPV�MM TFF IPX JOGPSNBUJPO UIFPSZ KVTUJĕFT NBOZ PG UIF DPOWFOUJPOBM DIPJDFT PG MJLFMJIPPE�
#VU IPXFWFS ZPV HFU UIF MJLFMJIPPE GVODUJPO UIF MJLFMJIPPE OFFET UP UFMM ZPV UIF QSPCBCJMJUZ
PG BOZ QPTTJCMF PCTFSWBUJPO GPS BOZ QPTTJCMF TUBUF PG UIF 	TNBMM
 XPSME TVDI BT B QSPQPSUJPO
PG XBUFS PO B HMPCF�

*O UIF DBTF PG UIF HMPCF UPTTJOH NPEFM UIF MJLFMJIPPE DBO CF EFSJWFE GSPN UIF EBUB TUPSZ�
#FHJO CZ OPNJOBUJOH BMM PG UIF QPTTJCMF FWFOUT� ćFSF BSF UXP� XBUFS 	8
 BOE MBOE 	-
� ćFSF
BSF OP PUIFS FWFOUT� ćF HMPCF OFWFS HFUT TUVDL UP UIF DFJMJOH GPS FYBNQMF� 8IFO XF PCTFSWF
B TBNQMF PG 8�T BOE -�T PG MFOHUI / 	� JO UIF BDUVBM TBNQMF
 XF OFFE UP TBZ IPX MJLFMZ UIBU
FYBDU TBNQMF JT PVU PG UIF VOJWFSTF PG QPUFOUJBM TBNQMFT PG UIF TBNF MFOHUI� ćBUNJHIU TPVOE
DIBMMFOHJOH CVU JU�T UIF LJOE PG UIJOH ZPV HFU HPPE BU WFSZ RVJDLMZ PODF ZPV TUBSU QSBDUJDJOH�

*O UIJT DBTF PODF XF BEE PVS BTTVNQUJPOT UIBU 	�
 FWFSZ UPTT JT JOEFQFOEFOU PG UIF PUIFS
UPTTFT BOE 	�
 UIF QSPCBCJMJUZ PG 8 JT UIF TBNF PO FWFSZ UPTT QSPCBCJMJUZ UIFPSZ QSPWJEFT
B VOJRVF BOTXFS LOPXO BT UIF CJOPNJBM EJTUSJCVUJPO� ćJT JT UIF DPNNPO iDPJO UPTTJOHw
EJTUSJCVUJPO� "OE TP UIF QSPCBCJMJUZ PG PCTFSWJOH X 8�T JO O UPTTFT XJUI B QSPCBCJMJUZ Q PG
8 JT�

1S(X|O, Q) = O!
X!(O − X)!Q

X(� − Q)O−X.

3FBE UIF BCPWF BT�
ćF DPVOU PG iXBUFSw PCTFSWBUJPOT X JT EJTUSJCVUFE CJOPNJBMMZ XJUI QSPCB�
CJMJUZ Q PG iXBUFSw PO FBDI UPTT BOE O UPTTFT JO UPUBM�

"OE UIF CJOPNJBM EJTUSJCVUJPO GPSNVMB JT CVJMU JOUP 3 TP ZPV DBO FBTJMZ DPNQVUF UIF MJLFMJ�
IPPE PG UIF EBUB�� 8�T JO � UPTTFT�VOEFS BOZ WBMVF PG Q XJUI�

3 DPEF
�����$)*(ǭ ǁ ǐ .$5 ʃǄ ǐ +-*�ʃƻǏǀ Ǯ

ǯƼǰ ƻǏƼǁƿƻǁƽǀ

ćBU OVNCFS JT UIF SFMBUJWF OVNCFS PG XBZT UP HFU � 8�T IPMEJOH Q BU ��� BOE O BU �� 4P JU
EPFT UIF KPC PG DPVOUJOH SFMBUJWF OVNCFS PG QBUIT UISPVHI UIF HBSEFO� $IBOHF UIF ƻǏǀ UP
BOZ PUIFS WBMVF UP TFF IPX UIF WBMVF DIBOHFT�

4PNFUJNFT MJLFMJIPPET BSF XSJUUFO -(Q|X, O)� UIF MJLFMJIPPE PG Q DPOEJUJPOBM PO X BOE
O� /PUF IPXFWFS UIBU UIJT OPUBUJPO SFWFSTFT XIBU JT PO UIF MFę TJEF PG UIF | TZNCPM� +VTU LFFQ
JO NJOE UIBU UIF KPC PG UIF MJLFMJIPPE JT UP UFMM VT UIF SFMBUJWF OVNCFS PG XBZT UP TFF UIF EBUB
X HJWFO WBMVFT GPS Q BOE O�

0WFSUIJOLJOH� /BNFT BOE QSPCBCJMJUZ EJTUSJCVUJPOT� ćF i�w JO ��$)*( TUBOET GPS EFOTJUZ� 'VOD�
UJPOT OBNFE JO UIJT XBZ BMNPTU BMXBZT IBWF DPSSFTQPOEJOH QBSUOFST UIBU CFHJO XJUI i-w GPS SBOEPN
TBNQMFT BOE UIBU CFHJO XJUI i+w GPS DVNVMBUJWF QSPCBCJMJUJFT� 4FF UIF IFMQ ǖ��$)*(�

W distribution (Likelihood)

Pr(W |N, p) =
N !

W !(N �W )!
pW (1� p)N�W



Prior probability p

• What the golem believes before 
the data arrive

• In this case, equal prior 
probability 0–1

• Pr(W) & Pr(p) de"ne prior 
predictive distribution

• More on this later – it helps us 
build priors that make sense
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'ĶĴłĿĲ Ɗ�Ɖ� )PX B #BZFTJBONPEFM MFBSOT� &BDI UPTT PG UIF HMPCF
QSPEVDFT BO PCTFSWBUJPO PG XBUFS 	8
 PS MBOE 	-
� ćF NPEFM FT�
UJNBUFT UIF QSPCBCJMJUZ PG PCTFSWJOH XBUFS LFFQJOH USBDL PG UIF
SFMBUJWF DPOĕEFODF JO FWFSZ QPTTJCMF WBMVF PG UIF QSPCBCJMJUZ� *O
FBDI QMPU B QSFWJPVT FTUJNBUF 	EBTIFE DVSWF
 JT VQEBUFE JO MJHIU
PG UIF MBUFTU PCTFSWBUJPO UP QSPEVDF B OFX FTUJNBUF 	TPMJE DVSWF
�

QBSBNFUFS WBMVFT DPOTJTUFOU XJUI UIF EBUB TISJOLT BT UIF TBNQMF TJ[F JODSFBTFT� "T
B SFTVMU UIF TBNQMF TJ[F JT BVUPNBUJDBMMZ TUPSFE JOTJEF UIF DPOĕEFODF DVSWF� 4P
BT FBDI OFX PCTFSWBUJPO JT BEEFE UIF DVSWF DBO CF VQEBUFE DPOTJTUFOU XJUI BMM
QSFWJPVT PCTFSWBUJPOT�

/PUJDF UIBU FWFSZ VQEBUFE FTUJNBUF CFDPNFT UIF JOJUJBM FTUJNBUF GPS UIF OFYU
PCTFSWBUJPO� &WFSZ QPTUFSJPS JT B QSJPS GPS GVUVSF EBUB� )PXFWFS UIJT VQEBUJOH
QSPDFTT XPSLT CBDLXBSET BT XFMM BT GPSXBSET� (JWFO UIF ĕOBM FTUJNBUF JO UIF

prior

p, proportion W

pl
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si
bi
lit
y



Prior literature

• Huge literature on choice of prior
• Flat prior conventional & bad

• Always know something (before 
data) that can improve inference

• Are zero and one plausible values for 
p? Is p < 0.5 as plausible as p > 0.5?

• !ere is no “true” prior
• Just need to do better than #at

• All above equally true of 
likelihood

Late Cretaceous (90Mya)



"e Joint Model

(
σα ρσα
ρσβ σβ

)

(
σ�
α ρσασβ

ρσασβ σ�
β

)

8 ∼ #JOPNJBM(/, Q)
Q ∼ 6OJGPSN(�, �)

�



Posterior probability

• Bayesian “estimate” is always posterior distribution 
over parameters, Pr(parameters|data)

• Here: Pr(p|W,N)
• Compute using Bayes’ theorem:

(
σα ρσα
ρσβ σβ

)

(
σ�
α ρσασβ

ρσασβ σ�
β

)

8 ∼ #JOPNJBM(/, Q)
Q ∼ 6OJGPSN(�, �)

1S(Q|8,/) = 1S(8|/, Q)1S(Q)∑
1S(8|/, Q)1S(Q) GPS BMM Q

1PTUFSJPS = 	1SPC PCTFSWFE WBSJBCMFT
× 	1SJPS

/PSNBMJ[JOH DPOTUBOU

�
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'ĶĴłĿĲ Ɗ�Ɗ� ćF QPTUFSJPS EJTUSJCVUJPO BT B QSPEVDU PG UIF QSJPS
EJTUSJCVUJPO BOE MJLFMJIPPE� 5PQ SPX� " ĘBU QSJPS DPOTUSVDUT B
QPTUFSJPS UIBU JT TJNQMZ QSPQPSUJPOBM UP UIF MJLFMJIPPE� .JEEMF
SPX� " TUFQ QSJPS BTTJHOJOH [FSP QSPCBCJMJUZ UP BMM WBMVFT MFTT UIBO
��� SFTVMUJOH JO B USVODBUFE QPTUFSJPS� #PUUPN SPX� " QFBLFE
QSJPS UIBU TIJęT BOE TLFXT UIF QPTUFSJPS SFMBUJWF UP UIF MJLFMJIPPE�

)PXFWFS LOPXJOH UIF NBUIFNBUJDBM SVMF JT PęFO PG MJUUMF IFMQ CFDBVTF NBOZ
PG UIF JOUFSFTUJOH NPEFMT JO DPOUFNQPSBSZ TDJFODF DBOOPU CF DPOEJUJPOFE GPS�
NBMMZ OP NBUUFS ZPVS TLJMM JO NBUIFNBUJDT� "OE XIJMF TPNF CSPBEMZ VTFGVM NPE�
FMT MJLF MJOFBS SFHSFTTJPO DBO CF DPOEJUJPOFE GPSNBMMZ UIJT JT POMZ QPTTJCMF JG ZPV
DPOTUSBJO ZPVS DIPJDF PG QSJPS UP TQFDJBM GPSNT XJUI OJDF NBUIFNBUJDBM QSPQFS�
UJFT� 8F�E MJLF UP BWPJE GPSDFE NPEFMJOH DIPJDFT PG UIJT LJOE JOTUFBE GBWPSJOH
DPOEJUJPOJOH FOHJOFT UIBU DBO BDDPNNPEBUF XIJDIFWFS QSJPS JT NPTU VTFGVM GPS
JOGFSFODF�
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'ĶĴłĿĲ Ɗ�Ɗ� ćF QPTUFSJPS EJTUSJCVUJPO BT B QSPEVDU PG UIF QSJPS
EJTUSJCVUJPO BOE MJLFMJIPPE� 5PQ SPX� " ĘBU QSJPS DPOTUSVDUT B
QPTUFSJPS UIBU JT TJNQMZ QSPQPSUJPOBM UP UIF MJLFMJIPPE� .JEEMF
SPX� " TUFQ QSJPS BTTJHOJOH [FSP QSPCBCJMJUZ UP BMM WBMVFT MFTT UIBO
��� SFTVMUJOH JO B USVODBUFE QPTUFSJPS� #PUUPN SPX� " QFBLFE
QSJPS UIBU TIJęT BOE TLFXT UIF QPTUFSJPS SFMBUJWF UP UIF MJLFMJIPPE�

)PXFWFS LOPXJOH UIF NBUIFNBUJDBM SVMF JT PęFO PG MJUUMF IFMQ CFDBVTF NBOZ
PG UIF JOUFSFTUJOH NPEFMT JO DPOUFNQPSBSZ TDJFODF DBOOPU CF DPOEJUJPOFE GPS�
NBMMZ OP NBUUFS ZPVS TLJMM JO NBUIFNBUJDT� "OE XIJMF TPNF CSPBEMZ VTFGVM NPE�
FMT MJLF MJOFBS SFHSFTTJPO DBO CF DPOEJUJPOFE GPSNBMMZ UIJT JT POMZ QPTTJCMF JG ZPV
DPOTUSBJO ZPVS DIPJDF PG QSJPS UP TQFDJBM GPSNT XJUI OJDF NBUIFNBUJDBM QSPQFS�
UJFT� 8F�E MJLF UP BWPJE GPSDFE NPEFMJOH DIPJDFT PG UIJT LJOE JOTUFBE GBWPSJOH
DPOEJUJPOJOH FOHJOFT UIBU DBO BDDPNNPEBUF XIJDIFWFS QSJPS JT NPTU VTFGVM GPS
JOGFSFODF�
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SPX� " TUFQ QSJPS BTTJHOJOH [FSP QSPCBCJMJUZ UP BMM WBMVFT MFTT UIBO
��� SFTVMUJOH JO B USVODBUFE QPTUFSJPS� #PUUPN SPX� " QFBLFE
QSJPS UIBU TIJęT BOE TLFXT UIF QPTUFSJPS SFMBUJWF UP UIF MJLFMJIPPE�

)PXFWFS LOPXJOH UIF NBUIFNBUJDBM SVMF JT PęFO PG MJUUMF IFMQ CFDBVTF NBOZ
PG UIF JOUFSFTUJOH NPEFMT JO DPOUFNQPSBSZ TDJFODF DBOOPU CF DPOEJUJPOFE GPS�
NBMMZ OP NBUUFS ZPVS TLJMM JO NBUIFNBUJDT� "OE XIJMF TPNF CSPBEMZ VTFGVM NPE�
FMT MJLF MJOFBS SFHSFTTJPO DBO CF DPOEJUJPOFE GPSNBMMZ UIJT JT POMZ QPTTJCMF JG ZPV
DPOTUSBJO ZPVS DIPJDF PG QSJPS UP TQFDJBM GPSNT XJUI OJDF NBUIFNBUJDBM QSPQFS�
UJFT� 8F�E MJLF UP BWPJE GPSDFE NPEFMJOH DIPJDFT PG UIJT LJOE JOTUFBE GBWPSJOH
DPOEJUJPOJOH FOHJOFT UIBU DBO BDDPNNPEBUF XIJDIFWFS QSJPS JT NPTU VTFGVM GPS
JOGFSFODF�


