
Adding a predictor variable

• How does weight describe height?
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Adding a predictor variable

• Use a linear model of the mean, mu:
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GBUIFS CVU iTISVOLw UPXBSET UIF PWFSBMM NFBO� 4VDI QSFEJDUJPOT BSF SPVUJOFMZ CFUUFS� ćJT TBNF SFHSFT�
TJPO�TISJOLBHF QIFOPNFOPO BQQMJFT BU IJHIFS MFWFMT PG BCTUSBDUJPO BOE GPSNT POF CBTJT PG NVMUJMFWFM
NPEFMJOH 	$IBQUFS ��
�

������ ćF MJOFBS NPEFM TUSBUFHZ� ćF TUSBUFHZ JT UP NBLF UIF QBSBNFUFS GPS UIF NFBO PG
B (BVTTJBO EJTUSJCVUJPO µ JOUP B MJOFBS GVODUJPO PG UIF QSFEJDUPS WBSJBCMF BOE PUIFS OFX
QBSBNFUFST UIBU XF JOWFOU� ćJT TUSBUFHZ JT PęFO TJNQMZ DBMMFE UIF ĹĶĻĲĮĿĺļıĲĹ� ćF MJOFBS
NPEFM TUSBUFHZ JOTUSVDUT UIF HPMFN UP BTTVNF UIBU UIF QSFEJDUPS WBSJBCMF IBT B DPOTUBOU BOE
BEEJUJWF SFMBUJPOTIJQ UP UIF NFBO PG UIF PVUDPNF� ćF HPMFN UIFO DPNQVUFT UIF QPTUFSJPS
EJTUSJCVUJPO PG UIJT DPOTUBOU SFMBUJPOTIJQ�

8IBU UIJT NFBOT SFDBMM JT UIBU UIF NBDIJOF DPOTJEFST FWFSZ QPTTJCMF DPNCJOBUJPO PG UIF
QBSBNFUFS WBMVFT� 8JUI B MJOFBS NPEFM TPNF PG UIF QBSBNFUFST OPX TUBOE GPS UIF TUSFOHUI
PG BTTPDJBUJPO CFUXFFO UIF NFBO PG UIF PVUDPNF µ BOE UIF WBMVF PG TPNF PUIFS WBSJBCMF�
'PS FBDI DPNCJOBUJPO PG WBMVFT UIF NBDIJOF DPNQVUFT UIF QPTUFSJPS QSPCBCJMJUZ XIJDI JT
B NFBTVSF PG SFMBUJWF QMBVTJCJMJUZ HJWFO UIF NPEFM BOE EBUB� 4P UIF QPTUFSJPS EJTUSJCVUJPO
SBOLT UIF JOĕOJUF QPTTJCMF DPNCJOBUJPOT PG QBSBNFUFS WBMVFT CZ UIFJS MPHJDBM QMBVTJCJMJUZ� "T
B SFTVMU UIF QPTUFSJPS EJTUSJCVUJPO QSPWJEFT SFMBUJWF QMBVTJCJMJUJFT PG UIF EJČFSFOU QPTTJCMF
TUSFOHUIT PG BTTPDJBUJPO HJWFO UIF BTTVNQUJPOT ZPV QSPHSBNNFE JOUP UIF NPEFM� 8F BTL
UIF HPMFN� i$POTJEFS BMM UIF MJOFT UIBU SFMBUF POF WBSJBCMF UP UIF PUIFS� 3BOL BMM PG UIFTF MJOFT
CZ QMBVTJCJMJUZ HJWFO UIFTF EBUB�w ćF HPMFN BOTXFST XJUI B QPTUFSJPS EJTUSJCVUJPO�

)FSF�T IPX JU XPSLT JO UIF TJNQMFTU DBTF PG POMZ POF QSFEJDUPS WBSJBCMF� 8F�MM XBJU VOUJM
UIF OFYU DIBQUFS UP DPOGSPOU NPSF UIBO POF QSFEJDUPS� 3FDBMM UIF CBTJD (BVTTJBO NPEFM�

IJ ∼ /PSNBM(µ,σ) >OLNHOLKRRG@

µ ∼ /PSNBM(���, ��) >µ SULRU@

σ ∼ 6OJGPSN(�, ��) >σ SULRU@

/PX IPX EP XF HFU XFJHIU JOUP B (BVTTJBO NPEFM PG IFJHIU -FU Y CF UIF OBNF GPS UIF
DPMVNO PG XFJHIU NFBTVSFNFOUT �Ǐɶ2 $"#/� -FU UIF BWFSBHF PG UIF Y WBMVFT CF Ȳ iFY CBSw�
/PXXF IBWF B QSFEJDUPS WBSJBCMF Y XIJDI JT B MJTU PG NFBTVSFT PG UIF TBNF MFOHUI BT I� 5P HFU
2 $"#/ JOUP UIF NPEFM XF EFĕOF UIF NFBO µ BT B GVODUJPO PG UIF WBMVFT JO Y� ćJT JT XIBU JU
MPPLT MJLF XJUI FYQMBOBUJPO UP GPMMPX�

IJ ∼ /PSNBM(µJ,σ) >OLNHOLKRRG@

µJ = α+ β(YJ − Ȳ) >OLQHDU PRGHO@

α ∼ /PSNBM(���, ��) >α SULRU@

β ∼ /PSNBM(�, ��) >β SULRU@

σ ∼ 6OJGPSN(�, ��) >σ SULRU@

"HBJO *�WF MBCFMFE FBDI MJOF PO UIF SJHIU�IBOE TJEF CZ UIF UZQF PG EFĕOJUJPO JU FODPEFT� 8F�MM
EJTDVTT FBDI JO UVSO�

�������� 1SPCBCJMJUZ PG UIF EBUB� -FU�T CFHJO XJUI KVTU UIF QSPCBCJMJUZ PG UIF PCTFSWFE
IFJHIU UIF ĕSTU MJOF PG UIF NPEFM� ćJT JT OFBSMZ JEFOUJDBM UP CFGPSF FYDFQU OPX UIFSF JT B
MJUUMF JOEFY J PO UIF µ BT XFMM BT UIF I� :PV DBO SFBE IJ BT iFBDI Iw BOE µJ BT iFBDI µ�w ćF
NFBO µ OPX EFQFOET VQPO VOJRVF WBMVFT PO FBDI SPX J� 4P UIF MJUUMF J PO µJ JOEJDBUFT UIBU
UIF NFBO EFQFOET VQPO UIF SPX�



Adding a predictor variable

mean when xi = 0
“intercept”

change in mean, per unit change xi
“slope”

weight on row i

mean on row i
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GBUIFS CVU iTISVOLw UPXBSET UIF PWFSBMM NFBO� 4VDI QSFEJDUJPOT BSF SPVUJOFMZ CFUUFS� ćJT TBNF SFHSFT�
TJPO�TISJOLBHF QIFOPNFOPO BQQMJFT BU IJHIFS MFWFMT PG BCTUSBDUJPO BOE GPSNT POF CBTJT PG NVMUJMFWFM
NPEFMJOH 	$IBQUFS ��
�

������ ćF MJOFBS NPEFM TUSBUFHZ� ćF TUSBUFHZ JT UP NBLF UIF QBSBNFUFS GPS UIF NFBO PG
B (BVTTJBO EJTUSJCVUJPO µ JOUP B MJOFBS GVODUJPO PG UIF QSFEJDUPS WBSJBCMF BOE PUIFS OFX
QBSBNFUFST UIBU XF JOWFOU� ćJT TUSBUFHZ JT PęFO TJNQMZ DBMMFE UIF ĹĶĻĲĮĿĺļıĲĹ� ćF MJOFBS
NPEFM TUSBUFHZ JOTUSVDUT UIF HPMFN UP BTTVNF UIBU UIF QSFEJDUPS WBSJBCMF IBT B DPOTUBOU BOE
BEEJUJWF SFMBUJPOTIJQ UP UIF NFBO PG UIF PVUDPNF� ćF HPMFN UIFO DPNQVUFT UIF QPTUFSJPS
EJTUSJCVUJPO PG UIJT DPOTUBOU SFMBUJPOTIJQ�

8IBU UIJT NFBOT SFDBMM JT UIBU UIF NBDIJOF DPOTJEFST FWFSZ QPTTJCMF DPNCJOBUJPO PG UIF
QBSBNFUFS WBMVFT� 8JUI B MJOFBS NPEFM TPNF PG UIF QBSBNFUFST OPX TUBOE GPS UIF TUSFOHUI
PG BTTPDJBUJPO CFUXFFO UIF NFBO PG UIF PVUDPNF µ BOE UIF WBMVF PG TPNF PUIFS WBSJBCMF�
'PS FBDI DPNCJOBUJPO PG WBMVFT UIF NBDIJOF DPNQVUFT UIF QPTUFSJPS QSPCBCJMJUZ XIJDI JT
B NFBTVSF PG SFMBUJWF QMBVTJCJMJUZ HJWFO UIF NPEFM BOE EBUB� 4P UIF QPTUFSJPS EJTUSJCVUJPO
SBOLT UIF JOĕOJUF QPTTJCMF DPNCJOBUJPOT PG QBSBNFUFS WBMVFT CZ UIFJS MPHJDBM QMBVTJCJMJUZ� "T
B SFTVMU UIF QPTUFSJPS EJTUSJCVUJPO QSPWJEFT SFMBUJWF QMBVTJCJMJUJFT PG UIF EJČFSFOU QPTTJCMF
TUSFOHUIT PG BTTPDJBUJPO HJWFO UIF BTTVNQUJPOT ZPV QSPHSBNNFE JOUP UIF NPEFM� 8F BTL
UIF HPMFN� i$POTJEFS BMM UIF MJOFT UIBU SFMBUF POF WBSJBCMF UP UIF PUIFS� 3BOL BMM PG UIFTF MJOFT
CZ QMBVTJCJMJUZ HJWFO UIFTF EBUB�w ćF HPMFN BOTXFST XJUI B QPTUFSJPS EJTUSJCVUJPO�

)FSF�T IPX JU XPSLT JO UIF TJNQMFTU DBTF PG POMZ POF QSFEJDUPS WBSJBCMF� 8F�MM XBJU VOUJM
UIF OFYU DIBQUFS UP DPOGSPOU NPSF UIBO POF QSFEJDUPS� 3FDBMM UIF CBTJD (BVTTJBO NPEFM�

IJ ∼ /PSNBM(µ,σ) >OLNHOLKRRG@

µ ∼ /PSNBM(���, ��) >µ SULRU@

σ ∼ 6OJGPSN(�, ��) >σ SULRU@

/PX IPX EP XF HFU XFJHIU JOUP B (BVTTJBO NPEFM PG IFJHIU -FU Y CF UIF OBNF GPS UIF
DPMVNO PG XFJHIU NFBTVSFNFOUT �Ǐɶ2 $"#/� -FU UIF BWFSBHF PG UIF Y WBMVFT CF Ȳ iFY CBSw�
/PXXF IBWF B QSFEJDUPS WBSJBCMF Y XIJDI JT B MJTU PG NFBTVSFT PG UIF TBNF MFOHUI BT I� 5P HFU
2 $"#/ JOUP UIF NPEFM XF EFĕOF UIF NFBO µ BT B GVODUJPO PG UIF WBMVFT JO Y� ćJT JT XIBU JU
MPPLT MJLF XJUI FYQMBOBUJPO UP GPMMPX�

IJ ∼ /PSNBM(µJ,σ) >OLNHOLKRRG@

µJ = α+ β(YJ − Ȳ) >OLQHDU PRGHO@

α ∼ /PSNBM(���, ��) >α SULRU@

β ∼ /PSNBM(�, ��) >β SULRU@

σ ∼ 6OJGPSN(�, ��) >σ SULRU@

"HBJO *�WF MBCFMFE FBDI MJOF PO UIF SJHIU�IBOE TJEF CZ UIF UZQF PG EFĕOJUJPO JU FODPEFT� 8F�MM
EJTDVTT FBDI JO UVSO�

�������� 1SPCBCJMJUZ PG UIF EBUB� -FU�T CFHJO XJUI KVTU UIF QSPCBCJMJUZ PG UIF PCTFSWFE
IFJHIU UIF ĕSTU MJOF PG UIF NPEFM� ćJT JT OFBSMZ JEFOUJDBM UP CFGPSF FYDFQU OPX UIFSF JT B
MJUUMF JOEFY J PO UIF µ BT XFMM BT UIF I� :PV DBO SFBE IJ BT iFBDI Iw BOE µJ BT iFBDI µ�w ćF
NFBO µ OPX EFQFOET VQPO VOJRVF WBMVFT PO FBDI SPX J� 4P UIF MJUUMF J PO µJ JOEJDBUFT UIBU
UIF NFBO EFQFOET VQPO UIF SPX�

mean weight



Prior predictive distribution

• What do these priors mean?
• Let’s simulate to !nd out!
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NPEFMJOH 	$IBQUFS ��
�

������ ćF MJOFBS NPEFM TUSBUFHZ� ćF TUSBUFHZ JT UP NBLF UIF QBSBNFUFS GPS UIF NFBO PG
B (BVTTJBO EJTUSJCVUJPO µ JOUP B MJOFBS GVODUJPO PG UIF QSFEJDUPS WBSJBCMF BOE PUIFS OFX
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NPEFM TUSBUFHZ JOTUSVDUT UIF HPMFN UP BTTVNF UIBU UIF QSFEJDUPS WBSJBCMF IBT B DPOTUBOU BOE
BEEJUJWF SFMBUJPOTIJQ UP UIF NFBO PG UIF PVUDPNF� ćF HPMFN UIFO DPNQVUFT UIF QPTUFSJPS
EJTUSJCVUJPO PG UIJT DPOTUBOU SFMBUJPOTIJQ�

8IBU UIJT NFBOT SFDBMM JT UIBU UIF NBDIJOF DPOTJEFST FWFSZ QPTTJCMF DPNCJOBUJPO PG UIF
QBSBNFUFS WBMVFT� 8JUI B MJOFBS NPEFM TPNF PG UIF QBSBNFUFST OPX TUBOE GPS UIF TUSFOHUI
PG BTTPDJBUJPO CFUXFFO UIF NFBO PG UIF PVUDPNF µ BOE UIF WBMVF PG TPNF PUIFS WBSJBCMF�
'PS FBDI DPNCJOBUJPO PG WBMVFT UIF NBDIJOF DPNQVUFT UIF QPTUFSJPS QSPCBCJMJUZ XIJDI JT
B NFBTVSF PG SFMBUJWF QMBVTJCJMJUZ HJWFO UIF NPEFM BOE EBUB� 4P UIF QPTUFSJPS EJTUSJCVUJPO
SBOLT UIF JOĕOJUF QPTTJCMF DPNCJOBUJPOT PG QBSBNFUFS WBMVFT CZ UIFJS MPHJDBM QMBVTJCJMJUZ� "T
B SFTVMU UIF QPTUFSJPS EJTUSJCVUJPO QSPWJEFT SFMBUJWF QMBVTJCJMJUJFT PG UIF EJČFSFOU QPTTJCMF
TUSFOHUIT PG BTTPDJBUJPO HJWFO UIF BTTVNQUJPOT ZPV QSPHSBNNFE JOUP UIF NPEFM� 8F BTL
UIF HPMFN� i$POTJEFS BMM UIF MJOFT UIBU SFMBUF POF WBSJBCMF UP UIF PUIFS� 3BOL BMM PG UIFTF MJOFT
CZ QMBVTJCJMJUZ HJWFO UIFTF EBUB�w ćF HPMFN BOTXFST XJUI B QPTUFSJPS EJTUSJCVUJPO�

)FSF�T IPX JU XPSLT JO UIF TJNQMFTU DBTF PG POMZ POF QSFEJDUPS WBSJBCMF� 8F�MM XBJU VOUJM
UIF OFYU DIBQUFS UP DPOGSPOU NPSF UIBO POF QSFEJDUPS� 3FDBMM UIF CBTJD (BVTTJBO NPEFM�

IJ ∼ /PSNBM(µ,σ) >OLNHOLKRRG@

µ ∼ /PSNBM(���, ��) >µ SULRU@

σ ∼ 6OJGPSN(�, ��) >σ SULRU@

/PX IPX EP XF HFU XFJHIU JOUP B (BVTTJBO NPEFM PG IFJHIU -FU Y CF UIF OBNF GPS UIF
DPMVNO PG XFJHIU NFBTVSFNFOUT �Ǐɶ2 $"#/� -FU UIF BWFSBHF PG UIF Y WBMVFT CF Ȳ iFY CBSw�
/PXXF IBWF B QSFEJDUPS WBSJBCMF Y XIJDI JT B MJTU PG NFBTVSFT PG UIF TBNF MFOHUI BT I� 5P HFU
2 $"#/ JOUP UIF NPEFM XF EFĕOF UIF NFBO µ BT B GVODUJPO PG UIF WBMVFT JO Y� ćJT JT XIBU JU
MPPLT MJLF XJUI FYQMBOBUJPO UP GPMMPX�

IJ ∼ /PSNBM(µJ,σ) >OLNHOLKRRG@

µJ = α+ β(YJ − Ȳ) >OLQHDU PRGHO@

α ∼ /PSNBM(���, ��) >α SULRU@

β ∼ /PSNBM(�, ��) >β SULRU@

σ ∼ 6OJGPSN(�, ��) >σ SULRU@

"HBJO *�WF MBCFMFE FBDI MJOF PO UIF SJHIU�IBOE TJEF CZ UIF UZQF PG EFĕOJUJPO JU FODPEFT� 8F�MM
EJTDVTT FBDI JO UVSO�

�������� 1SPCBCJMJUZ PG UIF EBUB� -FU�T CFHJO XJUI KVTU UIF QSPCBCJMJUZ PG UIF PCTFSWFE
IFJHIU UIF ĕSTU MJOF PG UIF NPEFM� ćJT JT OFBSMZ JEFOUJDBM UP CFGPSF FYDFQU OPX UIFSF JT B
MJUUMF JOEFY J PO UIF µ BT XFMM BT UIF I� :PV DBO SFBE IJ BT iFBDI Iw BOE µJ BT iFBDI µ�w ćF
NFBO µ OPX EFQFOET VQPO VOJRVF WBMVFT PO FBDI SPX J� 4P UIF MJUUMF J PO µJ JOEJDBUFT UIBU
UIF NFBO EFQFOET VQPO UIF SPX�



Prior predictive distribution

���� "%%*/( " 13&%*$503 ��

NPEFM BHBJO 	PNJUUJOH QSJPST GPS CSFWJUZ
 OPX XJUI VOJUT PG FBDI TZNCPM BEEFE�
IJDN ∼ /PSNBM(µJDN,σDN)

µJDN = αDN + β
DN
LH (YJLH− ȲLH)

4P ZPV DBO TFF UIBU β NVTU IBWF VOJUT PG DN�LH JO PSEFS GPS UIF NFBO µJ UP IBWF VOJUT PG DN� 0OF PG
UIF GBDUT UIBU MBCFMJOH XJUI VOJUT DMFBST VQ JT UIBU B QBSBNFUFS MJLF β JT B LJOE PG SBUF�DFOUJNFUFST QFS
LJMPHSBN� ćFSF�T BMTP B USBEJUJPO DBMMFE EJNFOTJPOMFTT BOBMZTJT UIBU BEWPDBUFT DPOTUSVDUJOH WBSJBCMFT
TP UIBU UIFZ BSF VOJU�MFTT SBUJPT� *O UIJT DPOUFYU GPS FYBNQMF XF NJHIU EJWJEF IFJHIU CZ B SFGFSFODF
IFJHIU SFNPWJOH JUT VOJUT� .FBTVSFNFOU TDBMFT BSF BSCJUSBSZ IVNBO DPOTUSVDUJPOT BOE TPNFUJNFT
UIF VOJU�MFTT BOBMZTJT JT NPSF OBUVSBM BOE HFOFSBM�

�������� 1SJPST� ćFSFNBJOJOH MJOFT JO UIFNPEFM EFĕOF EJTUSJCVUJPOT GPS UIF VOPCTFSWFE
WBSJBCMFT DPNNPOMZ LOPXO BT QSJPST� ćFSF BSF UISFF QBSBNFUFST� α β BOE σ� :PV�WF TFFO
QSJPST GPS α BOE σ CFGPSF BMUIPVHI α XBT DBMMFE µ CBDL UIFO�

ćF QSJPS GPS β EFTFSWFT FYQMBOBUJPO� 8IZ IBWF B (BVTTJBO QSJPS XJUI NFBO [FSP ćJT
QSJPS QMBDFT KVTU BT NVDI QSPCBCJMJUZ CFMPX [FSP BT JU EPFT BCPWF [FSP BOE XIFO β = �
XFJHIU IBT OP SFMBUJPOTIJQ UP IFJHIU� 5P ĕHVSF PVU XIBU UIJT QSJPS JNQMJFT MFU�T TJNVMBUF�
UIF QSJPS QSFEJDUJWF TJNVMBUJPO� ćFSF JT OP PUIFS XBZ UP VOEFSTUBOE�

ćF HPBM JT UP TJNVMBUF PCTFSWFE IFJHIUT GSPN UIF NPEFM� 'JSTU MFU�T DPOTJEFS B SBOHF PG
XFJHIU WBMVFT UP TJNVMBUF PWFS� ćF SBOHF PG PCTFSWFE XFJHIUT XJMM EP ĕOF� ćFO XF OFFE UP
TJNVMBUF B CVODI PG MJOFT UIF MJOFT JNQMJFE CZ UIF QSJPST GPS α BOE β� )FSF�T IPX UP EP JU
TFUUJOH B TFFE TP ZPV DBO SFQSPEVDF JU FYBDUMZ�

3 DPEF
����. /ǡ.  �ǿǏǖǔǎȀ

� ʚǶ ǎǍǍ ȕ ǎǍǍ '$) .
� ʚǶ -)*-(ǿ � Ǣ ǎǔǕ Ǣ ǏǍ Ȁ
� ʚǶ -)*-(ǿ � Ǣ Ǎ Ǣ ǎǍ Ȁ

/PX XF IBWF ��� QBJST PG α BOE β WBMVFT� /PX UP QMPU UIF MJOFT�
3 DPEF
����+'*/ǿ �� Ǣ 3'$(ʙ-�)" ǿ�Ǐɶ2 $"#/Ȁ Ǣ 4'$(ʙ�ǿǶǎǍǍǢǑǍǍȀ Ǣ

3'��ʙǫ2 $"#/ǫ Ǣ 4'��ʙǫ# $"#/ǫ Ȁ
��'$) ǿ #ʙǍ Ǣ '/4ʙǏ Ȁ
��'$) ǿ #ʙǏǔǏ Ǣ '/4ʙǎ Ǣ '2�ʙǍǡǒ Ȁ
(/ 3/ǿ ǫ� ʡ �)*-(ǿǍǢǎǍȀǫ Ȁ
3��- ʚǶ ( �)ǿ�Ǐɶ2 $"#/Ȁ
!*- ǿ $ $) ǎǣ� Ȁ �0-1 ǿ �ȁ$Ȃ ʔ �ȁ$Ȃȉǿ3 Ƕ 3��-Ȁ Ǣ

!-*(ʙ($)ǿ�Ǐɶ2 $"#/Ȁ Ǣ /*ʙ(�3ǿ�Ǐɶ2 $"#/Ȁ Ǣ ���ʙ���� Ǣ
�*'ʙ�*'ǡ�'+#�ǿǫ�'��&ǫǢǍǡǏȀ Ȁ

ćF SFTVMU JT EJTQMBZFE JO 'ĶĴłĿĲ ƌ�ƍ� 'PS SFGFSFODF *�WF BEEFE B EBTIFE MJOF BU [FSP�OP
POF JT TIPSUFS UIBO [FSP�BOE UIF i8BEMPXw MJOF BU ���DN GPS UIF XPSME�T UBMMFTU QFSTPO� ćF
QBUUFSO EPFTO�U MPPL MJLF BOZ IVNBO QPQVMBUJPO BU BMM� *U FTTFOUJBMMZ TBZT UIBU UIF SFMBUJPOTIJQ
CFUXFFO XFJHIU BOE IFJHIU DPVME CF BCTVSEMZ QPTJUJWF PS OFHBUJWF� #FGPSF XF�WF FWFO TFFO
UIF EBUB UIJT JT B CBE NPEFM� $BO XF EP CFUUFS 

8F DBO EP CFUUFS JNNFEJBUFMZ� 8F LOPX UIBU BWFSBHF IFJHIU JODSFBTFT XJUI BWFSBHF
XFJHIU BU MFBTU VQ UP B QPJOU� -FU�T USZ SFTUSJDUJOH JU UP QPTJUJWF WBMVFT� ćF FBTJFTU XBZ UP EP
UIJT JT UP EFĕOF UIF QSJPS BT -PH�/PSNBM JOTUFBE� *G ZPV BSFO�U BDDVTUPNFE UP QMBZJOH XJUI
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GBUIFS CVU iTISVOLw UPXBSET UIF PWFSBMM NFBO� 4VDI QSFEJDUJPOT BSF SPVUJOFMZ CFUUFS� ćJT TBNF SFHSFT�
TJPO�TISJOLBHF QIFOPNFOPO BQQMJFT BU IJHIFS MFWFMT PG BCTUSBDUJPO BOE GPSNT POF CBTJT PG NVMUJMFWFM
NPEFMJOH 	$IBQUFS ��
�

������ ćF MJOFBS NPEFM TUSBUFHZ� ćF TUSBUFHZ JT UP NBLF UIF QBSBNFUFS GPS UIF NFBO PG
B (BVTTJBO EJTUSJCVUJPO µ JOUP B MJOFBS GVODUJPO PG UIF QSFEJDUPS WBSJBCMF BOE PUIFS OFX
QBSBNFUFST UIBU XF JOWFOU� ćJT TUSBUFHZ JT PęFO TJNQMZ DBMMFE UIF ĹĶĻĲĮĿĺļıĲĹ� ćF MJOFBS
NPEFM TUSBUFHZ JOTUSVDUT UIF HPMFN UP BTTVNF UIBU UIF QSFEJDUPS WBSJBCMF IBT B DPOTUBOU BOE
BEEJUJWF SFMBUJPOTIJQ UP UIF NFBO PG UIF PVUDPNF� ćF HPMFN UIFO DPNQVUFT UIF QPTUFSJPS
EJTUSJCVUJPO PG UIJT DPOTUBOU SFMBUJPOTIJQ�

8IBU UIJT NFBOT SFDBMM JT UIBU UIF NBDIJOF DPOTJEFST FWFSZ QPTTJCMF DPNCJOBUJPO PG UIF
QBSBNFUFS WBMVFT� 8JUI B MJOFBS NPEFM TPNF PG UIF QBSBNFUFST OPX TUBOE GPS UIF TUSFOHUI
PG BTTPDJBUJPO CFUXFFO UIF NFBO PG UIF PVUDPNF µ BOE UIF WBMVF PG TPNF PUIFS WBSJBCMF�
'PS FBDI DPNCJOBUJPO PG WBMVFT UIF NBDIJOF DPNQVUFT UIF QPTUFSJPS QSPCBCJMJUZ XIJDI JT
B NFBTVSF PG SFMBUJWF QMBVTJCJMJUZ HJWFO UIF NPEFM BOE EBUB� 4P UIF QPTUFSJPS EJTUSJCVUJPO
SBOLT UIF JOĕOJUF QPTTJCMF DPNCJOBUJPOT PG QBSBNFUFS WBMVFT CZ UIFJS MPHJDBM QMBVTJCJMJUZ� "T
B SFTVMU UIF QPTUFSJPS EJTUSJCVUJPO QSPWJEFT SFMBUJWF QMBVTJCJMJUJFT PG UIF EJČFSFOU QPTTJCMF
TUSFOHUIT PG BTTPDJBUJPO HJWFO UIF BTTVNQUJPOT ZPV QSPHSBNNFE JOUP UIF NPEFM� 8F BTL
UIF HPMFN� i$POTJEFS BMM UIF MJOFT UIBU SFMBUF POF WBSJBCMF UP UIF PUIFS� 3BOL BMM PG UIFTF MJOFT
CZ QMBVTJCJMJUZ HJWFO UIFTF EBUB�w ćF HPMFN BOTXFST XJUI B QPTUFSJPS EJTUSJCVUJPO�

)FSF�T IPX JU XPSLT JO UIF TJNQMFTU DBTF PG POMZ POF QSFEJDUPS WBSJBCMF� 8F�MM XBJU VOUJM
UIF OFYU DIBQUFS UP DPOGSPOU NPSF UIBO POF QSFEJDUPS� 3FDBMM UIF CBTJD (BVTTJBO NPEFM�

IJ ∼ /PSNBM(µ,σ) >OLNHOLKRRG@

µ ∼ /PSNBM(���, ��) >µ SULRU@

σ ∼ 6OJGPSN(�, ��) >σ SULRU@

/PX IPX EP XF HFU XFJHIU JOUP B (BVTTJBO NPEFM PG IFJHIU -FU Y CF UIF OBNF GPS UIF
DPMVNO PG XFJHIU NFBTVSFNFOUT �Ǐɶ2 $"#/� -FU UIF BWFSBHF PG UIF Y WBMVFT CF Ȳ iFY CBSw�
/PXXF IBWF B QSFEJDUPS WBSJBCMF Y XIJDI JT B MJTU PG NFBTVSFT PG UIF TBNF MFOHUI BT I� 5P HFU
2 $"#/ JOUP UIF NPEFM XF EFĕOF UIF NFBO µ BT B GVODUJPO PG UIF WBMVFT JO Y� ćJT JT XIBU JU
MPPLT MJLF XJUI FYQMBOBUJPO UP GPMMPX�

IJ ∼ /PSNBM(µJ,σ) >OLNHOLKRRG@

µJ = α+ β(YJ − Ȳ) >OLQHDU PRGHO@

α ∼ /PSNBM(���, ��) >α SULRU@

β ∼ /PSNBM(�, ��) >β SULRU@

σ ∼ 6OJGPSN(�, ��) >σ SULRU@

"HBJO *�WF MBCFMFE FBDI MJOF PO UIF SJHIU�IBOE TJEF CZ UIF UZQF PG EFĕOJUJPO JU FODPEFT� 8F�MM
EJTDVTT FBDI JO UVSO�

�������� 1SPCBCJMJUZ PG UIF EBUB� -FU�T CFHJO XJUI KVTU UIF QSPCBCJMJUZ PG UIF PCTFSWFE
IFJHIU UIF ĕSTU MJOF PG UIF NPEFM� ćJT JT OFBSMZ JEFOUJDBM UP CFGPSF FYDFQU OPX UIFSF JT B
MJUUMF JOEFY J PO UIF µ BT XFMM BT UIF I� :PV DBO SFBE IJ BT iFBDI Iw BOE µJ BT iFBDI µ�w ćF
NFBO µ OPX EFQFOET VQPO VOJRVF WBMVFT PO FBDI SPX J� 4P UIF MJUUMF J PO µJ JOEJDBUFT UIBU
UIF NFBO EFQFOET VQPO UIF SPX�



Prior predictive distribution
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NPEFM BHBJO 	PNJUUJOH QSJPST GPS CSFWJUZ
 OPX XJUI VOJUT PG FBDI TZNCPM BEEFE�
IJDN ∼ /PSNBM(µJDN,σDN)

µJDN = αDN + β
DN
LH (YJLH− ȲLH)

4P ZPV DBO TFF UIBU β NVTU IBWF VOJUT PG DN�LH JO PSEFS GPS UIF NFBO µJ UP IBWF VOJUT PG DN� 0OF PG
UIF GBDUT UIBU MBCFMJOH XJUI VOJUT DMFBST VQ JT UIBU B QBSBNFUFS MJLF β JT B LJOE PG SBUF�DFOUJNFUFST QFS
LJMPHSBN� ćFSF�T BMTP B USBEJUJPO DBMMFE EJNFOTJPOMFTT BOBMZTJT UIBU BEWPDBUFT DPOTUSVDUJOH WBSJBCMFT
TP UIBU UIFZ BSF VOJU�MFTT SBUJPT� *O UIJT DPOUFYU GPS FYBNQMF XF NJHIU EJWJEF IFJHIU CZ B SFGFSFODF
IFJHIU SFNPWJOH JUT VOJUT� .FBTVSFNFOU TDBMFT BSF BSCJUSBSZ IVNBO DPOTUSVDUJPOT BOE TPNFUJNFT
UIF VOJU�MFTT BOBMZTJT JT NPSF OBUVSBM BOE HFOFSBM�

�������� 1SJPST� ćFSFNBJOJOH MJOFT JO UIFNPEFM EFĕOF EJTUSJCVUJPOT GPS UIF VOPCTFSWFE
WBSJBCMFT DPNNPOMZ LOPXO BT QSJPST� ćFSF BSF UISFF QBSBNFUFST� α β BOE σ� :PV�WF TFFO
QSJPST GPS α BOE σ CFGPSF BMUIPVHI α XBT DBMMFE µ CBDL UIFO�

ćF QSJPS GPS β EFTFSWFT FYQMBOBUJPO� 8IZ IBWF B (BVTTJBO QSJPS XJUI NFBO [FSP ćJT
QSJPS QMBDFT KVTU BT NVDI QSPCBCJMJUZ CFMPX [FSP BT JU EPFT BCPWF [FSP BOE XIFO β = �
XFJHIU IBT OP SFMBUJPOTIJQ UP IFJHIU� 5P ĕHVSF PVU XIBU UIJT QSJPS JNQMJFT MFU�T TJNVMBUF�
UIF QSJPS QSFEJDUJWF TJNVMBUJPO� ćFSF JT OP PUIFS XBZ UP VOEFSTUBOE�

ćF HPBM JT UP TJNVMBUF PCTFSWFE IFJHIUT GSPN UIF NPEFM� 'JSTU MFU�T DPOTJEFS B SBOHF PG
XFJHIU WBMVFT UP TJNVMBUF PWFS� ćF SBOHF PG PCTFSWFE XFJHIUT XJMM EP ĕOF� ćFO XF OFFE UP
TJNVMBUF B CVODI PG MJOFT UIF MJOFT JNQMJFE CZ UIF QSJPST GPS α BOE β� )FSF�T IPX UP EP JU
TFUUJOH B TFFE TP ZPV DBO SFQSPEVDF JU FYBDUMZ�

3 DPEF
����. /ǡ.  �ǿǏǖǔǎȀ

� ʚǶ ǎǍǍ ȕ ǎǍǍ '$) .
� ʚǶ -)*-(ǿ � Ǣ ǎǔǕ Ǣ ǏǍ Ȁ
� ʚǶ -)*-(ǿ � Ǣ Ǎ Ǣ ǎǍ Ȁ

/PX XF IBWF ��� QBJST PG α BOE β WBMVFT� /PX UP QMPU UIF MJOFT�
3 DPEF
����+'*/ǿ �� Ǣ 3'$(ʙ-�)" ǿ�Ǐɶ2 $"#/Ȁ Ǣ 4'$(ʙ�ǿǶǎǍǍǢǑǍǍȀ Ǣ

3'��ʙǫ2 $"#/ǫ Ǣ 4'��ʙǫ# $"#/ǫ Ȁ
��'$) ǿ #ʙǍ Ǣ '/4ʙǏ Ȁ
��'$) ǿ #ʙǏǔǏ Ǣ '/4ʙǎ Ǣ '2�ʙǍǡǒ Ȁ
(/ 3/ǿ ǫ� ʡ �)*-(ǿǍǢǎǍȀǫ Ȁ
3��- ʚǶ ( �)ǿ�Ǐɶ2 $"#/Ȁ
!*- ǿ $ $) ǎǣ� Ȁ �0-1 ǿ �ȁ$Ȃ ʔ �ȁ$Ȃȉǿ3 Ƕ 3��-Ȁ Ǣ

!-*(ʙ($)ǿ�Ǐɶ2 $"#/Ȁ Ǣ /*ʙ(�3ǿ�Ǐɶ2 $"#/Ȁ Ǣ ���ʙ���� Ǣ
�*'ʙ�*'ǡ�'+#�ǿǫ�'��&ǫǢǍǡǏȀ Ȁ

ćF SFTVMU JT EJTQMBZFE JO 'ĶĴłĿĲ ƌ�ƍ� 'PS SFGFSFODF *�WF BEEFE B EBTIFE MJOF BU [FSP�OP
POF JT TIPSUFS UIBO [FSP�BOE UIF i8BEMPXw MJOF BU ���DN GPS UIF XPSME�T UBMMFTU QFSTPO� ćF
QBUUFSO EPFTO�U MPPL MJLF BOZ IVNBO QPQVMBUJPO BU BMM� *U FTTFOUJBMMZ TBZT UIBU UIF SFMBUJPOTIJQ
CFUXFFO XFJHIU BOE IFJHIU DPVME CF BCTVSEMZ QPTJUJWF PS OFHBUJWF� #FGPSF XF�WF FWFO TFFO
UIF EBUB UIJT JT B CBE NPEFM� $BO XF EP CFUUFS 

8F DBO EP CFUUFS JNNFEJBUFMZ� 8F LOPX UIBU BWFSBHF IFJHIU JODSFBTFT XJUI BWFSBHF
XFJHIU BU MFBTU VQ UP B QPJOU� -FU�T USZ SFTUSJDUJOH JU UP QPTJUJWF WBMVFT� ćF FBTJFTU XBZ UP EP
UIJT JT UP EFĕOF UIF QSJPS BT -PH�/PSNBM JOTUFBE� *G ZPV BSFO�U BDDVTUPNFE UP QMBZJOH XJUI

���� "%%*/( " 13&%*$503 ��

GBUIFS CVU iTISVOLw UPXBSET UIF PWFSBMM NFBO� 4VDI QSFEJDUJPOT BSF SPVUJOFMZ CFUUFS� ćJT TBNF SFHSFT�
TJPO�TISJOLBHF QIFOPNFOPO BQQMJFT BU IJHIFS MFWFMT PG BCTUSBDUJPO BOE GPSNT POF CBTJT PG NVMUJMFWFM
NPEFMJOH 	$IBQUFS ��
�

������ ćF MJOFBS NPEFM TUSBUFHZ� ćF TUSBUFHZ JT UP NBLF UIF QBSBNFUFS GPS UIF NFBO PG
B (BVTTJBO EJTUSJCVUJPO µ JOUP B MJOFBS GVODUJPO PG UIF QSFEJDUPS WBSJBCMF BOE PUIFS OFX
QBSBNFUFST UIBU XF JOWFOU� ćJT TUSBUFHZ JT PęFO TJNQMZ DBMMFE UIF ĹĶĻĲĮĿĺļıĲĹ� ćF MJOFBS
NPEFM TUSBUFHZ JOTUSVDUT UIF HPMFN UP BTTVNF UIBU UIF QSFEJDUPS WBSJBCMF IBT B DPOTUBOU BOE
BEEJUJWF SFMBUJPOTIJQ UP UIF NFBO PG UIF PVUDPNF� ćF HPMFN UIFO DPNQVUFT UIF QPTUFSJPS
EJTUSJCVUJPO PG UIJT DPOTUBOU SFMBUJPOTIJQ�

8IBU UIJT NFBOT SFDBMM JT UIBU UIF NBDIJOF DPOTJEFST FWFSZ QPTTJCMF DPNCJOBUJPO PG UIF
QBSBNFUFS WBMVFT� 8JUI B MJOFBS NPEFM TPNF PG UIF QBSBNFUFST OPX TUBOE GPS UIF TUSFOHUI
PG BTTPDJBUJPO CFUXFFO UIF NFBO PG UIF PVUDPNF µ BOE UIF WBMVF PG TPNF PUIFS WBSJBCMF�
'PS FBDI DPNCJOBUJPO PG WBMVFT UIF NBDIJOF DPNQVUFT UIF QPTUFSJPS QSPCBCJMJUZ XIJDI JT
B NFBTVSF PG SFMBUJWF QMBVTJCJMJUZ HJWFO UIF NPEFM BOE EBUB� 4P UIF QPTUFSJPS EJTUSJCVUJPO
SBOLT UIF JOĕOJUF QPTTJCMF DPNCJOBUJPOT PG QBSBNFUFS WBMVFT CZ UIFJS MPHJDBM QMBVTJCJMJUZ� "T
B SFTVMU UIF QPTUFSJPS EJTUSJCVUJPO QSPWJEFT SFMBUJWF QMBVTJCJMJUJFT PG UIF EJČFSFOU QPTTJCMF
TUSFOHUIT PG BTTPDJBUJPO HJWFO UIF BTTVNQUJPOT ZPV QSPHSBNNFE JOUP UIF NPEFM� 8F BTL
UIF HPMFN� i$POTJEFS BMM UIF MJOFT UIBU SFMBUF POF WBSJBCMF UP UIF PUIFS� 3BOL BMM PG UIFTF MJOFT
CZ QMBVTJCJMJUZ HJWFO UIFTF EBUB�w ćF HPMFN BOTXFST XJUI B QPTUFSJPS EJTUSJCVUJPO�

)FSF�T IPX JU XPSLT JO UIF TJNQMFTU DBTF PG POMZ POF QSFEJDUPS WBSJBCMF� 8F�MM XBJU VOUJM
UIF OFYU DIBQUFS UP DPOGSPOU NPSF UIBO POF QSFEJDUPS� 3FDBMM UIF CBTJD (BVTTJBO NPEFM�

IJ ∼ /PSNBM(µ,σ) >OLNHOLKRRG@

µ ∼ /PSNBM(���, ��) >µ SULRU@

σ ∼ 6OJGPSN(�, ��) >σ SULRU@

/PX IPX EP XF HFU XFJHIU JOUP B (BVTTJBO NPEFM PG IFJHIU -FU Y CF UIF OBNF GPS UIF
DPMVNO PG XFJHIU NFBTVSFNFOUT �Ǐɶ2 $"#/� -FU UIF BWFSBHF PG UIF Y WBMVFT CF Ȳ iFY CBSw�
/PXXF IBWF B QSFEJDUPS WBSJBCMF Y XIJDI JT B MJTU PG NFBTVSFT PG UIF TBNF MFOHUI BT I� 5P HFU
2 $"#/ JOUP UIF NPEFM XF EFĕOF UIF NFBO µ BT B GVODUJPO PG UIF WBMVFT JO Y� ćJT JT XIBU JU
MPPLT MJLF XJUI FYQMBOBUJPO UP GPMMPX�

IJ ∼ /PSNBM(µJ,σ) >OLNHOLKRRG@

µJ = α+ β(YJ − Ȳ) >OLQHDU PRGHO@

α ∼ /PSNBM(���, ��) >α SULRU@

β ∼ /PSNBM(�, ��) >β SULRU@

σ ∼ 6OJGPSN(�, ��) >σ SULRU@

"HBJO *�WF MBCFMFE FBDI MJOF PO UIF SJHIU�IBOE TJEF CZ UIF UZQF PG EFĕOJUJPO JU FODPEFT� 8F�MM
EJTDVTT FBDI JO UVSO�

�������� 1SPCBCJMJUZ PG UIF EBUB� -FU�T CFHJO XJUI KVTU UIF QSPCBCJMJUZ PG UIF PCTFSWFE
IFJHIU UIF ĕSTU MJOF PG UIF NPEFM� ćJT JT OFBSMZ JEFOUJDBM UP CFGPSF FYDFQU OPX UIFSF JT B
MJUUMF JOEFY J PO UIF µ BT XFMM BT UIF I� :PV DBO SFBE IJ BT iFBDI Iw BOE µJ BT iFBDI µ�w ćF
NFBO µ OPX EFQFOET VQPO VOJRVF WBMVFT PO FBDI SPX J� 4P UIF MJUUMF J PO µJ JOEJDBUFT UIBU
UIF NFBO EFQFOET VQPO UIF SPX�
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World's tallest person (272cm)

Embryo

'ĶĴłĿĲ ƌ�ƍ� 1SJPS QSFEJDUJWF TJNVMBUJPO GPS UIF IFJHIU BOE XFJHIU NPEFM�
-Fę� 4JNVMBUJPO VTJOH UIFβ ∼ /PSNBM(�, ��) QSJPS� 3JHIU� "NPSF TFOTJCMF
MPH(β) ∼ /PSNBM(�, �) QSJPS�

MPHBSJUINT UIBU�T PLBZ� *�MM TIPX FBDI TUFQ BOE UIFSF�T TPNF NPSF EFUBJM JO UIF CPY GVSUIFS
EPXO�

  %FĕOJOH β BT -PH�/PSNBM NFBOT UP DMBJN UIBU UIF MPHBSJUIN PG β IBT B OPSNBM EJT�
USJCVUJPO� 1MBJOMZ�

β ∼ -PH�/PSNBM(�, �)
3 QSPWJEFT UIF �')*-( BOE -')*-( EFOTJUJFT GPS XPSLJOH XJUI MPH�OPSNBM EJTUSJCVUJPOT� :PV
DBO TJNVMBUF UIJT SFMBUJPOTIJQ UP TFF XIBU UIJT NFBOT GPS β�

3 DPEF
���� � ʚǶ -')*-(ǿ ǎ Ǒ Ǣ Ǎ Ǣ ǎ Ȁ

� ).ǿ � Ǣ 3'$(ʙ�ǿǍǢǒȀ Ǣ ��%ʙǍǡǎ Ȁ

*G UIF MPHBSJUIN PG β JT OPSNBM UIFO β JUTFMG JT TUSJDUMZ QPTJUJWF� ćF SFBTPO JT UIBU FYQ(Y)
JT HSFBUFS UIBO [FSP GPS BOZ SFBM OVNCFS Y� ćJT JT UIF SFBTPO UIBU -PH�/PSNBM QSJPST BSF
DPNNPOQMBDF� ćFZ BSF BO FBTZ XBZ UP FOGPSDF QPTJUJWF SFMBUJPOTIJQT� 4P XIBU EPFT UIJT
FBSO VT %P UIF QSJPS QSFEJDUJWF TJNVMBUJPO BHBJO OPX XJUI UIF -PH�/PSNBM QSJPS�

3 DPEF
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1MPUUJOH BT CFGPSF QSPEVDFT UIF SJHIU�IBOE QMPU JO 'ĶĴłĿĲ ƌ�ƍ� ćJT JT NVDI NPSF TFOTJCMF�
ćFSF JT TUJMM B SBSF JNQPTTJCMF SFMBUJPOTIJQ� #VU OFBSMZ BMM MJOFT JO UIF KPJOU QSJPS GPS α BOE β
BSF OPX XJUIJO IVNBO SFBTPO�

8F�SF GVTTJOH BCPVU UIJT QSJPS FWFO UIPVHI BT ZPV�MM TFF JO UIF OFYU TFDUJPO UIFSF JT TP
NVDI EBUB JO UIJT FYBNQMF UIBU UIF QSJPST FOE VQ OPU NBUUFSJOH� 8F GVTT GPS UXP SFBTPOT�
'JSTU UIFSF BSFNBOZ BOBMZTFT JO XIJDI OP BNPVOU PG EBUBNBLFT UIF QSJPS JSSFMFWBOU� *O TVDI

Figure 4.5

World’s tallest person (272cm)

Fertilized egg (0cm)



Prior predictive distribution
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'ĶĴłĿĲ ƌ�ƍ� 1SJPS QSFEJDUJWF TJNVMBUJPO GPS UIF IFJHIU BOE XFJHIU NPEFM�
-Fę� 4JNVMBUJPO VTJOH UIFβ ∼ /PSNBM(�, ��) QSJPS� 3JHIU� "NPSF TFOTJCMF
MPH(β) ∼ /PSNBM(�, �) QSJPS�

MPHBSJUINT UIBU�T PLBZ� *�MM TIPX FBDI TUFQ BOE UIFSF�T TPNF NPSF EFUBJM JO UIF CPY GVSUIFS
EPXO�

  %FĕOJOH β BT -PH�/PSNBM NFBOT UP DMBJN UIBU UIF MPHBSJUIN PG β IBT B OPSNBM EJT�
USJCVUJPO� 1MBJOMZ�

β ∼ -PH�/PSNBM(�, �)
3 QSPWJEFT UIF �')*-( BOE -')*-( EFOTJUJFT GPS XPSLJOH XJUI MPH�OPSNBM EJTUSJCVUJPOT� :PV
DBO TJNVMBUF UIJT SFMBUJPOTIJQ UP TFF XIBU UIJT NFBOT GPS β�

3 DPEF
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*G UIF MPHBSJUIN PG β JT OPSNBM UIFO β JUTFMG JT TUSJDUMZ QPTJUJWF� ćF SFBTPO JT UIBU FYQ(Y)
JT HSFBUFS UIBO [FSP GPS BOZ SFBM OVNCFS Y� ćJT JT UIF SFBTPO UIBU -PH�/PSNBM QSJPST BSF
DPNNPOQMBDF� ćFZ BSF BO FBTZ XBZ UP FOGPSDF QPTJUJWF SFMBUJPOTIJQT� 4P XIBU EPFT UIJT
FBSO VT %P UIF QSJPS QSFEJDUJWF TJNVMBUJPO BHBJO OPX XJUI UIF -PH�/PSNBM QSJPS�
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1MPUUJOH BT CFGPSF QSPEVDFT UIF SJHIU�IBOE QMPU JO 'ĶĴłĿĲ ƌ�ƍ� ćJT JT NVDI NPSF TFOTJCMF�
ćFSF JT TUJMM B SBSF JNQPTTJCMF SFMBUJPOTIJQ� #VU OFBSMZ BMM MJOFT JO UIF KPJOU QSJPS GPS α BOE β
BSF OPX XJUIJO IVNBO SFBTPO�

8F�SF GVTTJOH BCPVU UIJT QSJPS FWFO UIPVHI BT ZPV�MM TFF JO UIF OFYU TFDUJPO UIFSF JT TP
NVDI EBUB JO UIJT FYBNQMF UIBU UIF QSJPST FOE VQ OPU NBUUFSJOH� 8F GVTT GPS UXP SFBTPOT�
'JSTU UIFSF BSFNBOZ BOBMZTFT JO XIJDI OP BNPVOU PG EBUBNBLFT UIF QSJPS JSSFMFWBOU� *O TVDI
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MPH(β) ∼ /PSNBM(�, �) QSJPS�

MPHBSJUINT UIBU�T PLBZ� *�MM TIPX FBDI TUFQ BOE UIFSF�T TPNF NPSF EFUBJM JO UIF CPY GVSUIFS
EPXO�

  %FĕOJOH β BT -PH�/PSNBM NFBOT UP DMBJN UIBU UIF MPHBSJUIN PG β IBT B OPSNBM EJT�
USJCVUJPO� 1MBJOMZ�

β ∼ -PH�/PSNBM(�, �)
3 QSPWJEFT UIF �')*-( BOE -')*-( EFOTJUJFT GPS XPSLJOH XJUI MPH�OPSNBM EJTUSJCVUJPOT� :PV
DBO TJNVMBUF UIJT SFMBUJPOTIJQ UP TFF XIBU UIJT NFBOT GPS β�
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*G UIF MPHBSJUIN PG β JT OPSNBM UIFO β JUTFMG JT TUSJDUMZ QPTJUJWF� ćF SFBTPO JT UIBU FYQ(Y)
JT HSFBUFS UIBO [FSP GPS BOZ SFBM OVNCFS Y� ćJT JT UIF SFBTPO UIBU -PH�/PSNBM QSJPST BSF
DPNNPOQMBDF� ćFZ BSF BO FBTZ XBZ UP FOGPSDF QPTJUJWF SFMBUJPOTIJQT� 4P XIBU EPFT UIJT
FBSO VT %P UIF QSJPS QSFEJDUJWF TJNVMBUJPO BHBJO OPX XJUI UIF -PH�/PSNBM QSJPS�
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Embryo

'ĶĴłĿĲ ƌ�ƍ� 1SJPS QSFEJDUJWF TJNVMBUJPO GPS UIF IFJHIU BOE XFJHIU NPEFM�
-Fę� 4JNVMBUJPO VTJOH UIFβ ∼ /PSNBM(�, ��) QSJPS� 3JHIU� "NPSF TFOTJCMF
MPH(β) ∼ /PSNBM(�, �) QSJPS�

MPHBSJUINT UIBU�T PLBZ� *�MM TIPX FBDI TUFQ BOE UIFSF�T TPNF NPSF EFUBJM JO UIF CPY GVSUIFS
EPXO�

  %FĕOJOH β BT -PH�/PSNBM NFBOT UP DMBJN UIBU UIF MPHBSJUIN PG β IBT B OPSNBM EJT�
USJCVUJPO� 1MBJOMZ�

β ∼ -PH�/PSNBM(�, �)
3 QSPWJEFT UIF �')*-( BOE -')*-( EFOTJUJFT GPS XPSLJOH XJUI MPH�OPSNBM EJTUSJCVUJPOT� :PV
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*G UIF MPHBSJUIN PG β JT OPSNBM UIFO β JUTFMG JT TUSJDUMZ QPTJUJWF� ćF SFBTPO JT UIBU FYQ(Y)
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EPXO�
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Figure 4.5
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/PUJDF UIBU UIF MJOFBS NPEFM JO UIF 3 DPEF PO UIF SJHIU�IBOE TJEF VTFT UIF 3 BTTJHONFOU
PQFSBUPS ʚǶ FWFO UIPVHI UIF NBUIFNBUJDBM EFĕOJUJPO VTFT UIF TZNCPM �� ćJT JT B DPEF
DPOWFOUJPO TIBSFE CZ TFWFSBM #BZFTJBO NPEFM ĕUUJOH FOHJOFT TP JU�T XPSUI HFUUJOH VTFE UP
UIF TXJUDI� :PV KVTU IBWF UP SFNFNCFS UP VTF ʚǶ JOTUFBE PG ʙ XIFO EFĕOJOH B MJOFBS NPEFM�
ćBU�T JU�

"OE UIF BCPWF BMMPXT VT UP CVJME UIF QPTUFSJPS BQQSPYJNBUJPO�

3 DPEF
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3FUIJOLJOH� &WFSZUIJOH UIBU EFQFOET VQPO QBSBNFUFST IBT B QPTUFSJPS EJTUSJCVUJPO� *O UIF NPEFM
JOUSPEVDFE BCPWF UIF QBSBNFUFS µ JT OP MPOHFS B QBSBNFUFS TJODF JU IBT CFDPNF B GVODUJPO PG UIF
QBSBNFUFST α BOE β� #VU TJODF UIF QBSBNFUFST α BOE β IBWF B KPJOU QPTUFSJPS TP UPP EPFT µ� -BUFS
JO UIF DIBQUFS ZPV�MM XPSL EJSFDUMZ UIF QPTUFSJPS EJTUSJCVUJPO PG µ FWFO UIPVHI JU�T OPU B QBSBNFUFS
BOZNPSF� 4JODF QBSBNFUFST BSF VODFSUBJO FWFSZUIJOH UIBU EFQFOET VQPO UIFN JT BMTP VODFSUBJO� ćJT
JODMVEFT TUBUJTUJDT MJLF µ BT XFMM BT NPEFM�CBTFE QSFEJDUJPOT NFBTVSFT PG ĕU BOE FWFSZUIJOH FMTF UIBU
VTFT QBSBNFUFST� #Z XPSLJOH XJUI TBNQMFT GSPN UIF QPTUFSJPS BMM ZPV IBWF UP EP UP BDDPVOU GPS QPTUF�
SJPS VODFSUBJOUZ JO BOZ RVBOUJUZ JT UP DPNQVUF UIBU RVBOUJUZ GPS FBDI TBNQMF GSPN UIF QPTUFSJPS� ćF
SFTVMUJOH RVBOUJUJFT POF GPS FBDI QPTUFSJPS TBNQMF XJMM BQQSPYJNBUF UIF RVBOUJUZ�T QPTUFSJPS EJTUSJCV�
UJPO�

0WFSUIJOLJOH� -PHT BOE FYQT PINZ� ćF-PH�/PSNBM QSJPS GPSβ DBO CF DPEFE BOPUIFS XBZ� *OTUFBE
PG EFĕOJOH B QBSBNFUFS β XF EFĕOF B QBSBNFUFS UIBU JT UIF MPHBSJUIN PG β BOE UIFO BTTJHO JU B OPSNBM
EJTUSJCVUJPO� ćFO XF DBO SFWFSTF UIF MPHBSJUIN JOTJEF UIF MJOFBS NPEFM� *U MPPLT MJLF UIJT�

3 DPEF
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# $"#/ ʡ �)*-(ǿ (0 Ǣ .$"(� Ȁ Ǣ
(0 ʚǶ � ʔ  3+ǿ'*"Ǿ�Ȁȉǿ 2 $"#/ Ƕ 3��- ȀǢ
� ʡ �)*-(ǿ ǎǔǕ Ǣ ǎǍǍ Ȁ Ǣ
'*"Ǿ� ʡ �)*-(ǿ Ǎ Ǣ ǎ Ȁ Ǣ

���� "%%*/( " 13&%*$503 ��

DBTFT OPO�#BZFTJBO QSPDFEVSFT BSF OP CFUUFS PČ� ćFZ BMTP EFQFOE VQPO TUSVDUVSBM GFBUVSFT
PG UIF NPEFM� 1BZJOH DBSFGVM BUUFOUJPO UP UIPTF GFBUVSFT JT FTTFOUJBM� 4FDPOE UIJOLJOH BCPVU
UIF QSJPST IFMQT VT EFWFMPQ CFUUFS NPEFMT NBZCF FWFO FWFOUVBMMZ HPJOH CFZPOE HFPDFOUSJTN�

3FUIJOLJOH� 8IBU�T UIF DPSSFDU QSJPS 1FPQMF DPNNPOMZ BTL XIBU UIF DPSSFDU QSJPS JT GPS B HJWFO
BOBMZTJT� ćF RVFTUJPO TPNFUJNFT JNQMJFT UIBU GPS BOZ HJWFO TFU PG EBUB UIFSF JT B VOJRVFMZ DPSSFDU
QSJPS UIBU NVTU CF VTFE PS FMTF UIF BOBMZTJT XJMM CF JOWBMJE� ćJT JT B NJTUBLF� ćFSF JT OP NPSF B
VOJRVFMZ DPSSFDU QSJPS UIBO UIFSF JT B VOJRVFMZ DPSSFDU MJLFMJIPPE� 4UBUJTUJDBM NPEFMT BSF NBDIJOFT GPS
JOGFSFODF� .BOZ NBDIJOFT XJMM XPSL CVU TPNF XPSL CFUUFS UIBO PUIFST� 1SJPST DBO CF XSPOH CVU
POMZ JO UIF TBNF TFOTF UIBU B LJOE PG IBNNFS DBO CF XSPOH GPS CVJMEJOH B UBCMF�

*O DIPPTJOH QSJPST UIFSF BSF TJNQMF HVJEFMJOFT UP HFU ZPV TUBSUFE� 1SJPST FODPEF TUBUFT PG JOGPS�
NBUJPO CFGPSF TFFJOH EBUB� 4P QSJPST BMMPX VT UP FYQMPSF UIF DPOTFRVFODFT PG CFHJOOJOH XJUI EJČFSFOU
JOGPSNBUJPO� *O DBTFT JO XIJDI XF IBWF HPPE QSJPS JOGPSNBUJPO UIBU EJTDPVOUT UIF QMBVTJCJMJUZ PG TPNF
QBSBNFUFS WBMVFT MJLF OFHBUJWF BTTPDJBUJPOT CFUXFFO IFJHIU BOE XFJHIU XF DBO FODPEF UIBU JOGPSNB�
UJPO EJSFDUMZ JOUP QSJPST� 8IFO XF EPO�U IBWF TVDI JOGPSNBUJPO XF TUJMM VTVBMMZ LOPX FOPVHI BCPVU
UIF QMBVTJCMF SBOHF PG WBMVFT� "OE ZPV DBO WBSZ UIF QSJPST BOE SFQFBU UIF BOBMZTJT JO PSEFS UP TUVEZ
IPX EJČFSFOU TUBUFT PG JOJUJBM JOGPSNBUJPO JOĘVFODF JOGFSFODF� 'SFRVFOUMZ UIFSF BSF NBOZ SFBTPOBCMF
DIPJDFT GPS B QSJPS BOE BMM PG UIFN QSPEVDF UIF TBNF JOGFSFODF� "OE DPOWFOUJPOBM #BZFTJBO QSJPST
BSF DPOTFSWBUJWF SFMBUJWF UP DPOWFOUJPOBM OPO�#BZFTJBO BQQSPBDIFT� 8F�MM TFF IPX UIJT DPOTFSWBUJTN
BSJTFT JO $IBQUFS ��

.BLJOH DIPJDFT UFOET UP NBLF OPWJDFT OFSWPVT� ćFSF�T BO JMMVTJPO TPNFUJNFT UIBU EFGBVMU QSP�
DFEVSFT BSF NPSF PCKFDUJWF UIBO QSPDFEVSFT UIBU SFRVJSF VTFS DIPJDF TVDI BT DIPPTJOH QSJPST� *G UIBU�T
USVF UIFO BMM iPCKFDUJWFw NFBOT JT UIBU FWFSZPOF EPFT UIF TBNF UIJOH� *U DBSSJFT OP HVBSBOUFFT PG
SFBMJTN PS BDDVSBDZ�

3FUIJOLJOH� 1SJPS QSFEJDUJWF TJNVMBUJPO BOE Q�IBDLJOH " TFSJPVT QSPCMFN JO DPOUFNQPSBSZ BQQMJFE
TUBUJTUJDT JT iQ�IBDLJOHw UIF QSBDUJDF PG BEKVTUJOH UIF NPEFM BOE UIF EBUB UP BDIJFWF B EFTJSFE SFTVMU�
ćF EFTJSFE SFTVMU JT VTVBMMZ B Q�WBMVF MFTT UIFO ��� ćF QSPCMFN PG DPVSTF JT UIBU XIFO UIF NPEFM JT
NBEF EFQFOEFOU PO UIF PCTFSWFE EBUB UIFO Q�WBMVFT OP MPOHFS SFUBJO UIFJS PSJHJOBM NFBOJOH� 'BMTF
SFTVMUT BSF UP CF FYQFDUFE� 8F EPO�U QBZ BOZ BUUFOUJPO UP Q�WBMVFT JO UIJT CPPL� #VU UIF EBOHFS SFNBJOT
JG XF DIPPTF PVS QSJPST DPOEJUJPOBM PO UIF PCTFSWFE TBNQMF KVTU UP HFU TPNF EFTJSFE SFTVMU� ćF QSP�
DFEVSF XF�WF QFSGPSNFE JO UIJT DIBQUFS JT UP DIPPTF QSJPST DPOEJUJPOBM PO QSF�EBUB LOPXMFEHF PG UIF
EBUB�JUT DPOTUSBJOUT SBOHFT BOE UIFPSFUJDBM SFMBUJPOTIJQT� ćJT JT XIZ UIF BDUVBM EBUB BSF OPU TIPXO
JO UIF FBSMJFS TFDUJPO� 8F BSF KVEHJOH PVS QSJPST BHBJOTU HFOFSBM GBDUT� 8F�MM MPPL BU IPX UIF NPEFM
QFSGPSNT BHBJOTU UIF SFBM EBUB OFYU�

������ 'JOEJOH UIF QPTUFSJPS EJTUSJCVUJPO� ćF DPEF OFFEFE UP BQQSPYJNBUF UIF QPTUFSJPS JT
B TUSBJHIUGPSXBSE NPEJĕDBUJPO PG UIF LJOE PG DPEF ZPV�WF BMSFBEZ TFFO� "MM XF IBWF UP EP
JT JODPSQPSBUF PVS OFX NPEFM GPS UIF NFBO JOUP UIF NPEFM TQFDJĕDBUJPO JOTJEF ,0�+ BOE CF
TVSF UP BEE B QSJPS GPS UIF OFX QBSBNFUFS β� -FU�T SFQFBU UIF NPEFM EFĕOJUJPO OPX XJUI UIF
DPSSFTQPOEJOH 3 DPEF PO UIF SJHIU�IBOE TJEF�

IJ ∼ /PSNBM(µJ,σ) # $"#/ ʡ �)*-(ǿ(0Ǣ.$"(�Ȁ

µJ = α+ β(YJ − Ȳ) (0 ʚǶ � ʔ �ȉ2 $"#/

α ∼ /PSNBM(���, ��) � ʡ �)*-(ǿǎǔǕǢǏǍȀ

β ∼ -PH�/PSNBM(�, �) � ʡ �')*-(ǿǍǢǎȀ

σ ∼ 6OJGPSN(�, ��) .$"(� ʡ �0)$!ǿǍǢǒǍȀ

Approximate the posterior
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BCPVU UIF MBSHF XPSME NFBOJOH BOE UIF EFUBJMT PG UIPTF EJTBHSFFNFOUT EFQFOE TUSPOHMZ VQPO DPOUFYU�
4VDI EJTBHSFFNFOUT BSF QSPEVDUJWF CFDBVTF UIFZ MFBE UPNPEFM DSJUJDJTN BOE SFWJTJPO TPNFUIJOH UIBU
HPMFNT DBOOPU EP GPS UIFNTFMWFT�

*O MBUFS DIBQUFST ZPV�MM TFF UIBU QBSBNFUFST DBO SFGFS UP PCTFSWBCMF RVBOUJUJFT�EBUB�BT XFMM BT
VOPCTFSWBCMF WBMVFT� ćJT NBLFT QBSBNFUFST FWFO NPSF VTFGVM BOE UIFJS JOUFSQSFUBUJPO FWFO NPSF
DPOUFYU EFQFOEFOU�

�������� 5BCMFT PG NBSHJOBM EJTUSJCVUJPOT� 8JUI UIF OFX MJOFBS SFHSFTTJPO USBJOFE PO UIF
,BMBIBSJ EBUB XF JOTQFDU UIF NBSHJOBM QPTUFSJPS EJTUSJCVUJPOT PG UIF QBSBNFUFST�

3 DPEF
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ćF ĕSTU SPX HJWFT UIF RVBESBUJD BQQSPYJNBUJPO GPS α UIF TFDPOE UIF BQQSPYJNBUJPO GPS β
BOE UIF UIJSE BQQSPYJNBUJPO GPS σ� -FU�T USZ UP NBLF TPNF TFOTF PG UIFN�

-FU�T GPDVT PO � 	β
 CFDBVTF JU�T UIF OFX QBSBNFUFS� 4JODF β JT B TMPQF UIF WBMVF ����
DBO CF SFBE BT B QFSTPO � LH IFBWJFS JT FYQFDUFE UP CF ���� DN UBMMFS� ��� PG UIF QPTUFSJPS
QSPCBCJMJUZ MJFT CFUXFFO ���� BOE ����� ćBU TVHHFTUT UIBU β WBMVFT DMPTF UP [FSP PS HSFBUMZ
BCPWF POF BSF IJHIMZ JODPNQBUJCMF XJUI UIFTF EBUB BOE UIJT NPEFM� *U JT NPTU DFSUBJOMZ OPU
FWJEFODF UIBU UIF SFMBUJPOTIJQ CFUXFFO XFJHIU BOE IFJHIU JT MJOFBS CFDBVTF UIF NPEFM POMZ
DPOTJEFSFE MJOFT� *U KVTU TBZT UIBU JG ZPV BSF DPNNJUUFE UP B MJOF UIFO MJOFT XJUI B TMPQF
BSPVOE ��� BSF QMBVTJCMF POFT�

3FNFNCFS UIF OVNCFST JO UIF EFGBVMU +- �$. PVUQVU BSFO�U TVďDJFOU UP EFTDSJCF UIF
RVBESBUJD QPTUFSJPS DPNQMFUFMZ� 'PS UIBU XF BMTP SFRVJSF UIF WBSJBODF�DPWBSJBODF NBUSJY�
:PV DBO TFF UIF DPWBSJBODFT BNPOH UIF QBSBNFUFST XJUI 1�*1�

3 DPEF
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7FSZ MJUUMF DPWBSJBUJPO BNPOH UIF QBSBNFUFST JO UIJT DBTF� 6TJOH +�$-.ǿ(ǑǡǐȀ TIPXT CPUI
UIF NBSHJOBM QPTUFSJPST BOE UIF DPWBSJBODF� *O UIF QSPCMFNT BU UIF FOE PG UIF DIBQUFS ZPV�MM
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Sampling from the posterior

• Want to get uncertainty onto that graph
• Again, sample from posterior

1. Use mean and standard deviation to approximate 
posterior

2. Sample from multivariate normal distribution of 
parameters

3. Use samples to generate predictions that “integrate over” 
the uncertainty



Sampling from the posterior
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'ĶĴłĿĲ ƌ�Ǝ� 4BNQMFT GSPN UIF RVBESBUJD BQQSPYJNBUF QPTUFSJPS EJTUSJCV�
UJPO GPS UIF IFJHIU�XFJHIU NPEFM (ƿǏƾ XJUI JODSFBTJOH BNPVOUT PG EBUB�
*O FBDI QMPU �� MJOFT TBNQMFE GSPN UIF QPTUFSJPS EJTUSJCVUJPO TIPXJOH UIF
VODFSUBJOUZ JO UIF SFHSFTTJPO SFMBUJPOTIJQ�
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µJ = α+ βYJ.

ćF WBMVF PG YJ JO UIJT DBTF JT ��� (P BIFBE BOE UBLF B MPPL JOTJEF UIF SFTVMU (0Ǭ�/Ǭǀƻ� *U�T B
WFDUPS PG QSFEJDUFENFBOT POF GPS FBDI SBOEPN TBNQMF GSPN UIF QPTUFSJPS� 4JODF KPJOU � BOE
� XFOU JOUP DPNQVUJOH FBDI UIF WBSJBUJPO BDSPTT UIPTF NFBOT JODPSQPSBUFT UIF VODFSUBJOUZ
JO BOE DPSSFMBUJPO CFUXFFO CPUI QBSBNFUFST� *U NJHIU CF IFMQGVM BU UIJT QPJOU UP BDUVBMMZ QMPU
UIF EFOTJUZ GPS UIJT WFDUPS PG NFBOT�

Figure 4.7
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